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ERGODICITY AND MIXING OF NONCOMMUTING 

EPIMORPHISMS 

VITALY BERGELSON AND ALEXANDER GORODNIK 

Abstract. We study mixing properties of epimorphisms of a compact connected 
finite-dimensional abelian group X. In particular, we show that a set F, |E| > 
dim A, of epimorphisms of X is mixing iff every subset of F of cardinality (dim A)-|-l 
is mixing. We also construct examples of free nonabelian groups of automorphisms 
of tori which are mixing, but not mixing of order 3, and show that, under some irre- 
ducibility assumptions, ergodic groups of automorphisms contain mixing subgroups 
and free nonabelian mixing subsemigroups. 


1. Introduction 

1.1. Mixing sets. Let X be a compact abelian group, B the completion of the Borel 
cr-algebra of X, and m the normalized Haar measure on X. A hnite set E, |E| > 1 , of 
epimorphisms (i.e., continuous surjective self-homomorphisms) of X is called mixing 
if for any collection of measurable sets & B, j E F, 

^ ( n ^ n m{B^) as n —> cx). 

X'r&F J "j&F 

Such set is sometimes also called mixing shape. It is clear that if F is mixing, then ev¬ 
ery subset of F is mixing as well. However, in general, the assumption that all proper 
subsets of F are mixing does not imply that F is mixing. For example, it was shown 
by F. Ledrappier that there exist commuting automorphisms 71 and 72 of a compact 
totally disconnected abelian group such that the sets {id, 71} (id, 72}, {71,72} are 
mixing, but the set {id, 71,72} is not mixing (see jini and j^U Chapter VIII]). Also, 
if one does not assume commutativity, similar examples exist for connected groups 
as well (see Corollary II. Ill belowL 

K. Schimdt has shown that when the group X is connected and the epimorphisms 
which form the set F commute, the situation is quite different (see |2()j 1 : 

Theorem 1.1 (Schmidt). Let X be a compact connected abelian group and F a finite 
set of commuting epimorphisms of X. Then the set F is mixing iff every subset of F 
of cardinality 2 is mixing. 

In this paper, we prove a noncommutative analog of Theorem 11.11 

The first author was partially supported by NSF grant DMS-0345350. 
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Theorem 1.2. Let X he a compact connected abelian group such that dimX = d < oo 
and F a finite set of epimorphisms of X with |-F| > dimX. Then the set F is mixing 
iff every subset E of F with \E\ = d + 1 is mixing. 

Theorem II.21 and Theorem ll.lh in the hnite-dimensional case) follow from Theorem 
o below. We also show that the bound d + 1 in Theorem o is sharp (see Corollary 

[rn] below). 

1.2. Mixing sets and spectrnm. Let X be a compact connected abelian group 
with dimX = d < oo. We denote by X the character group of X. Under the above 
assumptions, X is a discrete abelian torsion free group of rank d. Hence, we may 
assume that 

c X c Q'^. 

(Conversely, any abelian group A such that C H C corresponds to a compact 
connected abelian group of dimension d.) 

Any continuous endomorphism T of X dehnes an endomorphism T of X that 
extends to a linear map of Q^. Note that T is surjective iff T is nondegenerate (i.e., 
det T 7 ^ 0). 

We establish the following criterion for mixing in terms of eigenvectors of the cor¬ 
responding linear maps of Q'^. 

Theorem 1.3. A set {Ti,..., T^} of epimorphisms of X is mixing iff for every I > 1, 
every subset {/ci,..., kr} C {1,..., s}, and every A G C, there are no X-eigenvectors 
ofTl _^,..., that are linearly dependent over Q. 

Remark 1.4. It follows from the proof that in Theorem 11.31 one can replace “for 
every I > 1” by “for every I > 1 such that (j){l) < (dimX)^”, where f denotes the 
Euler’s totient function. Moreover, this estimate is sharp (see Example lb.II below!. 

We state some corollaries of Theorem 11.31 Note that Corollary 11.51 is just another 
formulation of Theorem o in the finite-dimensional case, and Corollary 11.71 implies 
Theorem 11.21 

Corollary 1.5. For commuting epimorphisms Ti, ... ,Ts of X, the following state¬ 
ments are eguivalent: 

(a) The set {Ti,..., T^} is mixing. 

(b) For every i ^ j, the set {Ti,Tj} is mixing. 

(c) For every i ^ j, the linear map T~^Tj does not have roots of unity as eigen¬ 
values. 

For two (not necessarily commuting) epimorphisms, we have the following criterion 
for mixing: 

Corollary 1.6. The set of epimorphisms {Ti,T 2 } of X is mixing iff there is no closed 
subgroup Y ^ X such that for some I >1, Y is {T\,Tf}-invariant and T[ = T^ on 
X/Y. 
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Corollary 11 .dl ma,v fail if the group X is disconnected or infinite-dimensional (see 
Example l(i.2l below). 

Denote by Spec(T) the set of eigenvalues of T. The following corollary of Theorem 
OI characterizes mixing in terms of spectrum: 

Corollary 1.7. Let Ti,... ,Ts be epimorphisms of X. 

(a) If for every I > 1 and i, j = 1,..., s, i ^ j, 

Spec{T‘) n Spec(rj) = 0. 

then {Ti ,..., T^} is mixing. 

(b) If for some I > 1 and S' C {1,..., s} such that [S'! > d, 

fl Spec(i;') ^ 0, 

ieS 

then {Ti ,..., T^} is not mixing. 

(c) If for every I > 1 and S' C {1,..., s} such that [S'! > d, 

fl Spec(i;') = 0, 

ieS 

then {Ti,..., T^} is mixing iff every subset of cardinality d is mixing. 

Remark 1.8. In Corollary 11 .71 one can replace “for every I > 1” by “for every 
I > 1 such that < (dimX)^”. Moreover, this estimate is sharp (see Example lb. II 
below). 

Corollary Ota) shows that, if epimorphisms Ti,... ,Ts are “spectrally indepen¬ 
dent”, then for every Bi,.. ., Bg E B, 

lim miTf^Bi C ■ ■ ■ C Tf^Bg) = m(Ri) ■ ■ ■ m{Bg). 

n—^OO 

Although this limit does not exist in general (consider, for example, Ti = id and 
T 2 = —id), the proof of Theorem II. bl implies the following corollary. 

Corollary 1.9. For any finite set {Ti,...,Ts} of epimorphisms of X, there exists 
I > 1 such that for every k G Z//Z and fi,..., fg E L°°{X), the limit 


( 1 . 1 ) 


exists. 


lim 

n —^ cxD 
n = fc(mod /) 


MTfx)---fg{T:x)dm{x) 


'X 


Remark 1.10. (i) It follows from the proof that the integer I appearing in Corol¬ 

lary [H can be chosen so that 0(/) < (dimX)^. Moreover, this estimate is 
sharp (see Example Ib.ll belowh 

(ii) Corollary 11.91 is. in general, false if the group X is either inhnite-dimensional 
or disconnected (see Example Ib.dl belowl. 
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(iii) Existence of the Cesaro limit 


N 


lim 

N-M^ 


N-M 




n=M+l 


in L‘^{X) for a certain class of epimorphisms of a compact abelian group X 
was proved by D. Berend in P]. Corollary 11.91 strengthens Berend’s result in 
the case when the group X is connected and hnite-dimensionah 


We call an automorphism T of X unipotent if the matrix T is unipotent. 


Corollary 1.11. (a) For every s = 2,... ,d + 1 there exists a set F with |F| = s 

consisting of unipotent automorphisms of T'^ such that F is not mixing, but 
every proper subset of F is mixing. 

(b) For every s = 2,..., d + 1 there exists a set of mixing epimorphisms F o/T'^ 
with |F| = s such that F is not mixing, but every proper subset of F is mixing. 

The following corollary relates the notion of “mixing sets” (terminology from | 21 j i 
with the notion of “jointly mixing automorphisms” which was introduced in | 2 ] and 
used in j^]. Epimorphisms Ti,..., Ta_i are called mixing ii the set {Ti,..., T^.i, 

is mixing in our terminology. 


Corollary 1.12. The set {Ti,..., Tg-i, id} of epimorphisms of X is mixing iff every 
Ti is mixing and {Ti,..., Ts_i} is mixing. 

1.3. Mixing groups and semigroups. A semigroup T of epimorphisms of X is 
called mixing if for every A,BeB, 

m{A n —>■ m{A)m{B) 


as 7 —> cx). 

A semigroup T of of epimorphisms of X is mixing of order s if for every Bi,... ,Bs G 

B, 

m( 7 f^Si n ( 727 i )“^52 n ■ • • n ( 7 s • • • 7 i)“^ 5 s) ^ m{Bi) ■ ■ ■m(5s) 

as the product 7 j • • • 7 * —>• cx) for 1 < i < j < s. Note that mixing corresponds to 
mixing of order 2 . 

We recall a classical result of Rokhlin (see ca): 

Theorem 1.13 (Rokhlin). If a continuous epimorphismT of a compact abelian group 
is ergodic, then it is mixing of all orders, that is, for every s > 1, Bi,... ,Bs G B, 
and ni,... ,ns E N such that \ni — nj\ -^00 for i 7 ^ j, 

m(T-"iRi n ■ ■ -DT-^^Ba) m{Bi) ■ ■ ■m{Ba). 

This result was extended to hnitely generated abelian groups of automorphisms by 
K. Schmidt and T. Ward in j22]: 


id} 
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Theorem 1.14 (Schmidt, Ward). Let X be a compact connected abelian group and 
r C Aut(X), r ~ Z"". Then T consists of ergodic automorphisms iff it is mixing of 
all orders. 

Note that the ergodic properties of the actions in Theorems 11.1,11 and II .141 are qnite 
different. The epimorphism T in Theorem II .1,11 has completely positive entropy (see 
CBI). bnt the entropy of T-action in Theorem II. 141 is zero if n > 1 (see EH ch. V]). 

While it is true that an arbitrary group T of automorphisms is mixing provided 
that every element of inhnite order is ergodic (see Corollary 14. ll belowh the statement 
about higher order of mixing fails if T is not virtually abelian. As an easy corollary 
of Corollary II. 7f b1. we deduce the following result: 

Corollary 1.15 (Bhattacharya) . Let X be a compact connected abelian group with 
dimX = d < oo. Then every subgroup o/Aut(X) which is not virtually abelian is 
not mixing of order d + 1. 

Note that there exist free nonabelian semigroups of epimorphisms which are mixing 
of all orders (see Examples Ib.bl and lb.71 belowl. 

Corollary 11.151 was hrst proved by Bhattacharya in jS] . He also discovered some 
interesting rigidity properties of mixing subgroups which are not virtually abelian. 
However, it is not obvious whether such subgroups exist. In this direction, we show: 

Theorem 1.16. For every d > 2, d 7^ 3, 5, 7, there exists a not virtually abelian 
mixing subgroup 0/Aut(T'^) which is not mixing of order 3. 

At present, we don’t know whether there are such examples for d = 3,5, 7. 

Mixing property is much better understood for Z’^-actions by automorphisms of 
a compact abelian group X. When X is connected, 2-mixing implies mixing of all 
orders (see Theorem II. 14|1 . If X is totally disconnected, then for every s > 2, there 
are examples that are s-mixing but not (s -|- l)-mixing (see E]). It is also known that 
a Z”'-action is s-mixing iff every subset of Z"' of cardinality s is mixing (see El)- 

1.4. Ergodicity and mixing. In this subsection we discuss some analogs of Rokhlin’s 
theorem iTheorem ll.ldj) for general groups of automorphisms. Namely, given a com¬ 
pact abelian group X and a subgroup T of Aut(W), we investigate whether ergodicity 
implies mixing and mixing of higher orders. Recall that T is called ergodic if every 
measurable T-invariant subset of X has measure 0 or 1. Ergodicity is a weaker no¬ 
tion than mixing. In fact, if T contains a mixing automorphism, then it is ergodic. 
D. Berend showed in that the converse is also true in the case when T is abelian: 

Theorem 1.17 (Berend). Let X be a compact connected finite-dimensional abelian 
group and T an ergodic abelian semigroup of epimorphisms of X. Then T contains 
an ergodic epimorphism. 

Note that by Rokhlin’s theorem, an ergodic epimorphism is mixing of all orders. 
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On the other hand, if F is not abelian, it may contain no mixing elements (see 
PP or Examples lti.8l and l(i.9l below!. A somewhat stronger version of ergodicity — 
“hereditary ergodicity”, which we will presently introduce, is more closely related to 
mixing and will allow us to naturally generalize Berend’s theorem. 

Let A be a compact abelian group, V a closed subgroup of X, and F C Aut(X). 
We dehne 

Ly = {7 e F ; 7 ■ F C F}. 

If Fy has hnite index in F, we call the subgroup F virtually T-invariant. In the 
case when X contains no proper closed connected virtually F-invariant subgroups, 
we call the group F strongly irreducible. Note that for connected group X, strong 
irreducibility implies ergodicity (see Proposition 15.21 below!. but the converse is not 
true (see Example lb.81 belowL We call a subgroup F C Aut(X) hereditarily ergodic 
if for every closed connected virtually F-invariant subgroup F of X, the action of Fy 
on F is ergodic. 

It is not hard to check that for abelian groups of automorphisms of compact con¬ 
nected hnite-dimensional group X, the notions of ergodicity and hereditary ergodicty 
coincide (this fails, in general, for inhnite-dimensional groups X — see Example lb. 101 
below). Hence, Berend’s theorem in this case states that hereditary ergodicity is 
equivalent to existence of an automorphism which is mixing of all orders. The follow¬ 
ing theorem generalizes this result to solvable groups of automorphisms. 

Theorem 1.18. Let X be a compact connected finite-dimensional abelian group and 
F a solvable subgroup of automorphisms of X. Then the following statements are 
eguivalent: 

(a) F is hereditarily ergodic. 

(b) F contains an abelian subgroup which is mixing of all orders. 

Note that the assumption in Theorem II. 181 that the group F is solvable is essential 
(see Example lb.91 below!. Also, Theorem II. 181 fails without the assumption that X is 
hnite-dimensional (see Examples lb. 101 and lb.Ill below!. 

According to the Rosenblatt’s alternative (see ca). any hnitely generated solvable 
group is either virtually nilpotent or contains a free nonabelian subsemigroup. In the 
latter case Theorem EHl can be strengthened as follows: 

Theorem 1.19. Let X be a compact connected finite-dimensional abelian group and 
F a solvable group of automorphisms of X, which is not virtually nilpotent. Then the 
following statements are eguivalent: 

(a) F is hereditarily ergodic. 

(b) F contains a free nonabelian subsemigroup which is mixing of all orders. 

Combining Theorems II. 181 and II. 101 we deduce 

Corollary 1.20. Let X be a compact connected finite-dimensional abelian group and 
F a solvable strongly irreducible group of automorphisms of X. Then F contains an 
















ERGODICITY AND MIXING OF NONGOMMUTING EPIMORPHISMS 


7 


abelian subgroup which is mixing of all orders. Moreover, ifT is not virtually nilpotent, 
then r contains a free nonabelian subsemigroup which is mixing of all orders. 

Without the assumption that the group T is solvable, Corollary 11.201 fails (see 
Example 10.01 below). 

It follows from the Tits alternative (see [21] or ca Section 5J]) that any hnitely 
generated subgroup of Aut(X) is either virtually solvable or contains a nonabelian free 
group. Recently, E. Breuillard and T. Gelander proved a topological Tits alternative 
(see [7j): any hnitely generated matrix group either contains a Zariski open solvable 
subgroup or a Zariski dense free subgroup. Utilizing this result, we obtain 

Theorem 1.21. Let X be a compact connected finite dimensional abelian group and 
r an ergodic (hereditarily ergodic, strongly irreducible) subgroup o/Aut(X) which is 
not virtually solvable. Then T contains a free nonabelian ergodic (hereditarily ergodic, 
strongly irreducible) subgroup. 

Example 10.01 below illustrates that an ergodic group may contain no ergodic ele¬ 
ments. 

1.5. Some special cases of the above results appeared in [2]. Note that in [S] we 
used a slightly different dehnition for mixing (borrowed from j2]), but in this paper 
we adopt the dehnition from EZH. The relation between these two dehnitions is quite 
straightforward (see Corollary II. 12j) . 

The paper is organized as follows. The main theorem fTheorem II. dj) is proved in 
Section|21 The rest of the results stated in Subsection ll.2l are proved in SectionlSl The 
results about mixing groups of automorphisms (stated in Subsection II. dj) are proved 
in Section EJ The theorems from Subsection 11.41 are proved in Section El Section El 
contains some examples and counterexamples related to the results of this paper. 

1.6. Acknowledgement. We would like to thank Y. Benoist and H. Oh for helpful 
discussions and D. Berend and T. Ward for useful comments about this paper. 

2. Mixing and linear relations (proof of Theorem ll.a|) 

Let X be a compact connected abelian group of hnite dimension d. We identify its 
character group X with a subgroup of Q'^. Then every endomorphism T of X induces 
a linear map T of 

We recall the well-known characterization of mixing: 

Lemma 2.1. The set {Ti,... ,Ts} of epimorphisms of X is mixing iff there are no 
xi,... ,Xs G such that (xi,..., Xg) (0,..., 0) and for infinitely many n> 1, 

ffxi + ■ ■ ■ + ffxg = 0 . 

As an application of Lemma ITTl we show that the set of epimorphisms {Ti,..., T.}, 
s > d, is not mixing provided that the linear maps Ti,... ,Ts have the same charac¬ 
teristic polynomial. 
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Proposition 2.2. Let Ti,... ,Ts be epimorphisms of X and assume that there exists 
a polynomial p{x) G Q[x] with degp < s such that piTf) = 0 for i = 1,... ,s. Then 
{Ti ,... ,Ts} is not mixing. 

Proof. To prove the proposition, it suffices to construct (xi,..., x^) G {(0,..., 0)} 

such that 

( 2 . 1 ) f"xi + --- + f>, = 0 
for inhnitely many n. 

Let p(x) = pi{xY^ ■ ■ ■ pi{xY'^ where Pi{x) G Q[x], i = are distinct and 

irreducible. Let di = degpi and Xij, j = 1,... ,di, be the roots of Pi. Let Pij^k ^ 
M(d, Q(Ajj)) be the projection on the root space of corresponding to Xij. Then 

1 

n^nr) _ \n \ ^ u a 
u=0 

for some Aij^k,u ^ XA{d,Q{Xij)). Since the coefficients of the (ejd) x sd matrix 
Bi j j • II 0 ,..., Cj 1, k 1 ,..., s) 

lie in Q(Ajj), we have 

rankQ(i?ij) < dd ■ [Q(Aij) : Q] = etddi. 

It follows that for the {Icid) x sd matrix 

C = (Si,i : i = 1,... /), 

i 

rankQ(C) < eiddi = (degp) ■ d. 

i=l 

Hence, there exists a vector x = (xi,..., x*) G — {(0,..., 0)} such that Cx = 0. 
Then 

S 

( 2 . 2 ) 5 ^f,"Pi,i,fcXfc = 0 

k=l 

for every i = 1 ,..., /. For hxed i, k, the Galois group Gal(C/Q) permutes transitively 
the roots Ajj and the matrices Pij^k, j = 1, • • •, Hence, if follows from (El that 
for every j = 1 ,..., e*, 

(2.3) J2f^Pij,kXk = 0. 

k=l 

Summing (El over i and j, we deduce (El- □ 

To analyze the equation in Lemma ( 2 . IL we use the following statement sometimes 
referred to as Kronecker’s lemma (see m P- 27]): 
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Lemma 2.3 (Kronecker). If X is an algebraic integer such that all of its conjugates 
have absolute value one, then X is a root of unity. 

We also mention an equivalent formulation of Kronecker’s lemma, which we use 
latter: if A is an element of a number held K and A is not a root of unity, then there 
exists an absolute value | ■ |^ on such that |A|^ 7 ^ 1 . 

Note that {Ti,..., T^} is mixing iff {T^^,..., T^} is mixing for some (all) Z > 1. This 
observation implies that in the proof of Theorem 11.31 we may assume without loss of 
generality that 

S 

(2.4) A,/x G Spec(Tfc) and A“V ^ ^oot of unity X = fi. 

k=l 

Under this assumption. Theorem 11.31 can be restated as follows 

Theorem 2.4. Let Ti ,... ,Ts be epimorphisms of X that satisfy Then the set 

{Ti,..., Ts} is mixing iff for every subset {ki ,..., kr} C {1,..., s} and every A G C, 
there are no X-eigenvectors ofTk^, ■ ■ ■ ,Tk^ that are linearly dependent over Q. 

Proof. Suppose that there exist a nonempty subset S' C {1,..., s}, Ofc G Q — {0}, 
fc G S', and eigenvalues Wk for k ^ S, with the same eigenvalue A such that 

'^akWk = 0 . 
fees 

This implies that the subspace 

U = I (Ufc) G (C'')l^l ; = 0 for all n > 1 

I k£S 

is not trivial. Since this subspace is dehned over Q, it contains a nonzero rational 
vector (xfc : fc G S') that gives a nonzero solution of the equation 

(2.5) = 

k=l 

Hence, by Lemma (2.11 the set {Ti,..., T^} is not mixing. 

Conversely, suppose that the set {Ti,... ,Ts} is not mixing. Then by Lemma ( 2 .II 
there exists (a;!,...,^^) G (Q'^)^ — {(0, ...,0)} such that (I2.5jl holds for inhnitely 
many u > 1 . 

Let 

Pk{x) = Pk,l{x)'^'^’^ ■ ■ ■ Pk,h{x)'^*^’^k 

be the characteristic polynomial of T^, k = 1,..., s, where Pk,i{^) G QN are distinct 
and irreducible over Q. Let d^^i = deg(pfc^j). For a root A of pk, denote by Vf the 
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root subspace of Tk with respect to A. Then 


€“= 0 V, 

^■PkW=o 


X 

k ■ 


Note that for hxed k and z, the Galois group Gal(C/Q) permutes transitively the 
spaces where A satishes Pk,iW = 0. This implies that the subspaces 

= © vt 

i(N=0 


are rational. Then 

( 2 . 6 ) = 

i=l 

and there exist vectors Xk^i G 14 ^j(Q), not all zero, such that 

(2.7) 




E E AVt,. = 0 

k=l i=l 


for inhnitely many n > 1. For a root A of pk^i, let denote the projection from 14^, 
on the root space V^. Since 

Tk\v^ = X{id + N^) 

k 

where is nilpotent linear map such that = 0, we have 






it=0 


n 


u 


^k,u 


where : 14 ,^ ^ are linear maps and q = P^. With respect to a rational 
basis on 14,i, A^^ is represented by d x (dim 14,i) matrix with coefficients in Q(A). 
Then ()2.7|1 is equivalent to 


( 2 . 8 ) 


S /fe '^k,i 1 

EE E E 

k=l i=l A:pj,,j(A)=0 u=0 


n 


U 


^k.vAkS — 0 . 


Denote by K the number held generated by the eigenvalues of T*, z = 1,..., s, and 
let Vk be the set of absolute values of K. 

Since fl2.8|l holds for inhnitely many n, it is equivalent to the system of equations 


(2.9) 


E' E 

/c,2,Aj u=0 


^k,u^k,i = 0, d > 0, 
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where the sum Yl' is taken over those A’s such that Pk,i{Y = 0 |A|^ = S, v E Vk- 

Conjugating (I2.9j] by cr G Gal(C/Q), we deduce that (I2.9j) is equivalent to the system 
of equations 

(2.10) X^r\Al^Xk,i = 0, > 0, a e Gal(C/Q), v E Vk, 

k,i^X,j u=0 ^ ' 

where the sum Y" is taken over A’s such that Pfc,i(A) = 0 and |A'’'|.i; = 6a,v for every 
a E Gal(C/Q) and v E Vk- 

If 

S 

A,/x G IJ Spec(Tfc) 

k=l 

and |A°'|^ = for every a E Gal(C/Q) and v E Vk, then A“V is a root of unity 
by Lemma ESI and by (12.411 . A = /i. Hence, fj2.10|l is equivalent to the system of 
equations 

'^k,i 1 X \ S 

(2.11) Y [2]Ku^k,i = 0, A G IJ Spec(Tfc). 

Pfc,z(-^)=0 w=0 k=l 

Let rrix = ma.x{mk,i : Pk,i{^) ~ 0}- Since (I2.11|) holds for inhnitely many n, it is 
equivalent to 

S 

(2.12) Y ^k,u^k,i = 0, A G IJ Spec(Tfc), u = 0,..., - 1. 

k,i:pk^i{X)=0 k=l 

For every k = 1,..., s and i = 1,... ,lk, choose \k,i such that Pk,i{^k,i) = 0. If Pk/s 
have a common root for different fc’s, we choose the same Xk,i- Let 

A = {Xk,i : /c = 1 ,..., s, z = 1,..., Ik}- 

Note that for a E Gal(C/Q), we have 

= n"'"’. '^(F) = A”'"'. = KlX 

Since the polynomial pk^i is irreducible, the Galois group Gal(C/Q) acts transitively 
on the set of roots of pk,i- Hence, if holds for A = Xk^i, then it holds for all A’s 

such that Pk,iW ~ 0- Therefore, (j2.12|) is equivalent to 

(2.13) Y ^k,u^k,i = 0, A G A, M = 0,... ,mA - 1. 

k,i-.pk,i{\)=0 

Since polynomials pk,i, i = 1,... ,lk, have no common roots, it follows that for every 
k = 1,... ,s and A G A, there is at most one i such that Pk,iW ~ 0- Hence, the 
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system of equations (imH) splits into independent systems of equations 


(2.14) ^ = 0, u = 0,...,mx-l 

k,r.pk,iW=0 


indexed by A G A. Therefore, has a nontrivial solution iff for some A G A, 

(ITTl) has a nontrivial solution. 

Let A G A be such that (ITTl) has a nontrivial solution and mq ^ {0,..., mx — 1} 
be maximal index such that (j2.14|) contains nonzero terms. Since 

= V“(A-A)“|„., «>1, 


it follows that (nonzero) vectors A^^^Xk,i are eigenvectors of Tk with eigenvalue A 
which are linearly dependent over Q. This proves the theorem. □ 


3. Proofs of Corollaries formulated in Subsection II .21 

Proof of Corollary M.fA It is clear that (a)=^(b). 

Suppose that T^^Tj has a root of unity as an eigenvalue. Since Tt and Tj commute, 
this implies that for some / > 1, the subspace 

V = {veC^: flv = fjn} 

is not {0}. Since V is {T/,Tj}-invariant and T-jy = Tj|y, it follows that f- and Tj 
have common eigenvector with the same eigenvalue. Hence, by Theorem 11.31 {Tj,Tj} 
is not mixing. This shows that (b)=^(c). 

To prove that (c)=^(a), suppose that (c) holds, but {Ti,...,Ts} is not mixing. 
Then by Theorem Ea there exist a nonempty S' C {1, ..., s}, cifc G Q — {0}, fc G S', 
and eigenvectors tCfc G C'^ of Tj, /c G S', with the same eigenvalue A such that 

'Y^akWk = 0 . 

kes 

Hence, we have a nonzero vector space 



Since Tfs commute, this vector space is {Tj,..., Tj}-invariant, and it contains a 
common eigenvector v = {vk '■ k & S): 

Tjn = XkV, fc G S'. 

Let S'o = (A; G S' : Vk 0}. Note that |S'o| > 1. For k G S'o, A^ = A. Hence, T“^Tj = 
(T~^TjY has eigenvalue 1 for i, j G S'o. This contradicts (c). Hence, (c)=^(a). □ 
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Proof of Corollnrv M .fA If {Ti, T 2 } is mixing on X, then clearly, {Tl, T^} is mixing on 
X/Y. Hence, one direction of the corollary is obvious. 

Suppose that {Ti, T 2 } is not mixing. Then, by Theorem 11 ..‘fl and have common 
eigenvector with the same eigenvalue for some / > 1. This eigenvector is contained in 
the rational subspace 

V = {veC^: flv = f^v, f[f!^v = f!^f[v}. 

Consider the subgroup 

Y = {x e X : x{x) = 1 for X G HnX}. 

Since V is rational, V (1 X ^ 0 and Y ^ X, and since the subspace V is {T{,T 2 }- 
invariant, the subgroup Y is {T{, T^j-invariant. The character group of X/Y is VCiX, 
and Tl = on V (1 X. Hence, it follows that on X/Y. This proves the 

corollary. □ 

Proof of Corollary o Under the assumption in (a), for every A G C, there is at most 
one T/ with the eigenvalue A. Hence, the maps T/ cannot have linearly dependent 
eigenvectors with the same eigenvalue, and by Theorem II.dl the set {Ti,... ,Ts} is 
mixing. 

Suppose that there exist S C {1,..., s} with [S'! = r > d, / > 1, and A G C such 
that 

A G Spec(T^) for k & S. 

We are going to show now that the set {T/ : fc G S'} is not mixing. This will imply 
that the set {Ti,..., T,} is not mixing as well. 

Denote by q{x) G Q[a:] the minimal polynomial of A and consider a rational sub¬ 
space 

lUfc = {u G : qifl)v = 0}. 

Note that Wk contains all p-eigenspaces of Tl such that g(/i) = 0. In particular, 

dimlUfc > deg(g). 

Denote by Pk the projection from Wk to the A-eigenspace of Tl. According to Theorem 
01 it suffices to show that there exist Xk G lUfc(Q), not all zero, such that 

(3.1) 5^Pfca;fc = 0. 

kes 

Choose a rational basis in Wk- With respect to this basis, the linear map Pk is 
represented by d x (dimH4) matrix with coefficients in Q(A). Consider the d x 
(dimlU^ ■ I S'!)-matrix 

P={Pk:ke S). 

Since the coefficients of P are in Q(A), 

rankQ(P) < d ■ [Q(A) : Q] = d ■ deg(g) < IS*! • dimlUfc. 
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Hence, there exists nonzero vector 

x = {xk:keS)el[ IHfc(Q) ~ 

fees 

such that P ■ X = 0. Hence, (ED) has a nonzero solution. This proves (b). 

Now we prove (c). Suppose that for every I > 1 and S C {1,... ,s} such that 

1^1 > d, 

n Spec(7;') = 0, 

ieS 

Then if T/’s have linearly dependent eigenvectors with the same eigenvalue, there is a 
subset of Tbs of cardinality at most d with the same property. Hence, it follows from 
Theorem ESI that {Ti,..., T^} is mixing iff every subset of cardinality d is mixing. □ 


Proof of Corollarv M.fA We choose Z > 1 so that T{,..., Tj satisfy condition ()2.4j) . It 
suffices to prove the corollary for k = 0, and to simplify calculations, we also assume 
that I = 1. The proof of the general case easily reduces to this situation. 

We use the notation introduced in the proof of Theorem 12.41 
For xi,...,x. eX, 


(3.2) f xi{Tfx)---Xs{T:x)dm{x) 
Jx 


1 iff-xi + --- + f;x, = o, 
oiff-xi + --- + F;x.^o. 


Denote by Qk^i the projection on the space Vk^i with respect to the decomposition 
(EH). If 

(3.3) + + = 0 

for inhnitely many n, then by the proof of Theorem II.3L 


(3.4) ^ Al^^Qk^iXk = 0 for A e A, M = 0,..., ruA - 1. 

k,r-Pk,iP)=^ 


Conversely, (EH implies that EH holds for every n > 1. Denote by A the set of 
(Xi, • • •) As) ^ -A* such that ()3.4j) holds. We claim that for every /i,..., /^ G T°°(X), 


lim / fi{Tfx)---fs{T^x)dm{x)= ^ fiixi) ■ ■ ■ fsiXs)- 

(xi,...,xdeA 

When fi,...,fs are characters, this follows from EH- For general T°°-functions, the 
claim is proved by the standard approximation argument. □ 


Proof of Corollarv M.llV a). Let us choose linearly dependent over Q vectors Ui,..., r;* G 
1/ such that every proper subset of {ui,..., Us} is linearly independent over Q. There 
exist nilpotent matrices Xi,..., G M(d, Z) such that 

Ker(W) = {vf ). 
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Set Ti = id + Ni. Then it follows from Theorem 11 .,‘11 that the set {Ti,... ,Ts} is not 
mixing, but its every proper subset is mixing. □ 

To prove Corollary 11.1 If bi. we need a lemma: 

Lemma 3.1. For every d > 1, there exists an irreducible monic polynomial p{x) G 
Z[a;] which has real roots with different absolute values. 

Proof. Consider the polynomial 

p{x) = [x — q) ■ ■ ■ [x — dq) + q 

where g is a prime number. Note that this polynomial is irreducible by the Eisenstein 
criterion (see O IV §3]). Let us assume that d is even (the argument for odd d is 
analogous). Then for sufficiently large q, we have 

p{{4t + l)g/ 2 ) > {q/2y + q > 0, t = 0,..., d/2, 

p{{Ai + 3)g/2) < -{q/2y + q < 0, i = 0,... ,d/2 - 1. 

This implies that p{x) has d distinct positive real roots. □ 

Proof of Corollaru M . 1 iV b). Let p{x) be as in T^emma l3.1l and let Ti G M(d, Z) has 
p{x) as its characteristic polynomial. Denote by A,, i = 1,..., d, the roots of p{x) and 
by (jj the embedding Q(Ai) —>• M such that Ai i—*• Aj. Let {ui,... ,Vd} be an integral 
basis of Q(Ai). It is well-known that 

(3.5) det(n^‘ : i,k = 1,... ,d) ^ f). 

Let 

A = diag(l,...,l, 2 ,...,s- 1 ). 

Note that A has minimal polynomial 

s —1 s 

q(x)= 

1=1 j=i 

and qj 7 ^ 0 for all j. Put 

Wj = A^~^ ■ \vi, ...,Vd), i = l,...,d. 

It follows from (E3) that i = l,...,d, are linearly independent over Q. The 
Galois group Gal(C/Q) permutes the vectors i = 1,... ,d. Therefore, 

(3.6) :aGQ(Ai) 

I i=i 

for every j = 1,... ,d. Dehne Tj G M(d,M) such that 

Tjw'/" = XiWjf i = 1,... ,d. 

Then det{Tj) 7 ^ 0 and Tf = Tj for every a G Gal(C/Q). Thus, Tj G GL((i,Q). 
Multiplying Tj’s and Aj’s by an integer we may assume that T^-’s have integer entries. 
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We claim that there is (xi,..., Xs) G — {(0,..., 0)} such that 

(3.7) 

t = l 

for every n > 1, and for any J C {1,... ,s}, there is no {xj : j E J) E — 

{(0,..., 0)} such that 

(3.8) 

i&J 

for inhnitely many n. By Lemma l2.ll this implies that {Ti ,... ,Ts} is not mixing, 
but its every proper subset is mixing. 

Put Xj = Qj ^2^=1 '^2 ^ 




2 = 1 


, 2 = 1 


by dniSl). We have 

s d s d s 

E = E E ii^>T = E E = 0. 

j=l i=l j=l i=l j=l 

This proves ()d.7|l . 

It follows from (USD that (HHD is equivalent to existence of 


(Oj : j e J) eQ(Ai)l-^‘ -{(0,...,0)} 


such that 


EEl’W = o 


jGJ i=l 


for inhnitely many n. Then 


EvE“>? = °- 

i=i jeJ 

Since Aj’s have different absolute values, this implies that 


(3.9) 


j&j 


deJ / 


Wi = 0 . 


i 

r{x) = ajX^~^ = 6]^(a; — pj). 
j&J i=i 


Let 


ERGODICITY AND MIXING OF NONGOMMUTING EPIMORPHISMS 


17 


for / < s — 1 and b, fij G C. We have r{A)wi = 0 and r{A)wi = 0 with 

where the product is taken over which are eigenvalues of A. In particular, f{x) G 
Q[a;]. Then f{A)w'{'^ = 0 for every z = 1,..., d. It follows from (Id.hj) that f{A) = 0. 
Since the minimal polynomial q{x) of A has degree s — 1, this implies that r{x) is 
a scalar multiple of q{x). In particular, aj ^ 0 for every j = 1,... ,s, which is a 
contradiction. □ 

Proof of Corollarv M.lA It is clear that if the set {Ti,... ^Tg-i^id} is mixing, then 
every Tj is mixing and {Ti,..., Ts_i} is mixing as well. 

Conversely, suppose that the set {Ti,... ,Ts_i,Z(i} is not mixing. Then for some 
I > 1 , the linear maps T[,... have linearly dependent eigenvectors with the 

same eigenvalue A. Note that if A = 1, then some has eigenvalue one, and T^. 
is not mixing. Otherwise, it follows that the linear maps T{,... ,Tj_^ have linearly 
dependent eigenvectors with the same eigenvalue. Hence, by Theorem II.dl the set 
{Ti,..., Ts_i} is not mixing. □ 

4. Mixing groups and semigroups 

Proposition 4.1. Let X be any compact abelian group and T a torsion free subgroup 
o/Aut(X). Then T is mixing iff every element 7 G T — {e} is ergodic. 

Proof. If the action of T on X is mixing, then the action of every infinite subgroup of 
T is mixing as well, and in particular, every 7 G T — {e} is ergodic. 

Conversely, suppose that the action of T on X is not mixing. Then for some 
(X, z/>) G - {(0, 0)}, the set 

5 = {7 G T ; 7 X = -0} 

is infinite. For every 7 G S~^S, we have 77 = x, and the action of such 7 on X is 
not ergodic. This proves the proposition. □ 

Now we assume that X is connected and dimX = d < 00 . We are going to show 
that under these assumptions, the torsion free condition in Proposition 14.11 can be 
omitted. But first, we need the following lemma (see PQ Lemma 4.3] for a different 
proof). 

Lemma 4.2. Every torsion subgroup (i.e., every element is of finite order) o/GL(d, Q) 
is finite. 

In the proofs below, we use some basic facts about algebraic groups and Zariski 
topology, which can be found in ns and 

Proof. Let T be a torsion subgroup of GL(d, Q). The eigenvalues of a matrix in T are 
roots of unity each having degree at most d over Q. Hence, their order is bounded. 
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and there exists n > 1 such that r"" = {e}. Let G C SL((i, C) be the Zariski closure 
of r. Then its connected component G° has hnite index in G, and G'^ = {e}. For 
g & G, let g = gggu be the Jordan decomposition of g. Since gu is unipotent and 
g'^ = e, it follows that gu = ^ and every element of G is semisimple. Hence, G° is a 
torus and since (G°)" = {e}, we deduce that G° = {e} and F is hnite. □ 

Proposition 4.3. Let X be a compact connected finite-dimensional abelian group and 
F an infinite subgroup o/Aut(X). Then the following statements are equivalent: 

(a) The action ofT on X is mixing. 

(b) Every infinite cyclic subgroup o/F is ergodic on X. 

(c) For every 7 G F o/ infinite order, the linear map 7 does not have roots of unity 
as eigenvalues. 

Proof. It is well-known that (a)^(b) and (b)-v7(c). To show that (b)^(a), we observe 
that if the action of F on X is not mixing, then for some y G X — {0}, the subgroup 
{7 G F : 7 X = x} is inhnite (see the proof of Proposition I4.1|l . and it suffices to show 
that this subgroup contains an element of inhnite order. This follows from Lemma 

B31 □ 

Note that Proposition I4.3f fai<^fbii fails in general if X is disconnected or inhnite- 
dimensional (see Example lb.41 below!. Also, it fails for semigroups (see Example lb.51 
below). 

The following lemma is used in the proof of Corollary II. 151 

Lemma 4.4. Every solvable mixing subgroup o/Aut(X) is a finite extension of abelian 
group. 

Proof. Let P be a solvable mixing subgroup of Aut(X). We show that P C GL((i, Q) 
is a hnite extension of abelian group. Let G C GL{d, C) be the Zariski closure 
of P. Then G is solvable too. The connected component G° has hnite index in 
G, and is is conjugate to a subgroup of the upper triangular subgroup (see [2S1 
Section 6.3]). In particular, the commutant [G°,G°] is a unipotent subgroup. The 
subgroup Pq = G° n P has hnite index in P. Since P is mixing, it follows from 
Proposition 14.31 that [ro,ro] = 1- This proves the corollary. □ 

Proof of Corolla, ru \l.l,^ Note that the subgroup P is isomorphic to a subgroup of 
GL((i,Q). By the Tits alternative (see [21] or m Section 5J]), P is either hnite 
extension of solvable group or contains a nonabelean free subgroup. Thus, we may 
assume that P contains a nonabelean free subroup. Let 7 and 6 be free generators 
and let Ti = Then 

TfTp = ^ cx) ioii^ 3. 

On the other hand, linear maps Tj have the same characteristic polynomial. Hence, 
it follows from Corollary II.7f bi (or Proposition 12. that the set {Ti,..., T^+i} is not 
mixing. This implies that P is not mixing of order d + 1. □ 
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Using Proposition lOl we develop two approaches to construction of mixing sub¬ 
groups. The hrst approach is based on the result of Y. Benoist j3] on asymptotic 
cones of discrete groups (see Proposition KB and the second approach is based on 
the theory of division algebras (see Corollary I4.8|l . 

Proposition 4.5. For every even d > 2, there exists a mixing subgroup o/Aut(T'^) 
which is Zariski dense in SL((i, C). 

Proof. We start by reviewing a result of Y. Benoist from jl] , which will be used in 
the proof. 

For g G SL((i, M), let us denote by Xi{g), ..., \d{.g) fhe eigenvalues of g such that 
|Ai( 5 f)| > ■ ■ ■ > |Ad( 5 ()| and 


4 = (log|Ai(^)|,...,log|Arf(^)|). 

The vector Ig belongs to the set 

0+ 4/ I (^xi, . .., Xrf) e M"* : Xj = 0, Xi > • • • > Xrf 

I i=i 

Let P be a subgroup of SL((i, M). The limit cone ir of P is the smallest closed cone 
in that contains all i.y, 7 G P. Since P is a group, the limit cone ir is stable under 
the involution 

i{xi, ...,Xd) = {-Xd ,..., -xi). 

It was shown by Y. Benoist in |1] that if P is Zariski dense, then the asymptotic cone 
ir is convex, has nonempty interior, and is equal to the asymptotic cone of P. The 
asymptotic cone is the cone consisting of limit directions of the set 

{log(p( 7 )) : 7 G P} C 0 + 

where fi{g) denotes the A~^ component of g with respect to iPA+iC-decomposition 
{K = SO(n), A~^ = positive Weyl chamber). In the case when P is a lattice, the 
asymptotic cone is always equal to o'*". In particular, 

^Sh{d,Z) = 

If P is a Zariski dense subgroup, Y. Benoist also showed in |3] that for every closed 
convex ^-invariant cone C G ir with nonempty interior, there exists a Zariski dense 
subgroup Pq C P such that 4o — C- 

Suppose that d = 2k. For (xi,..., X 2 k) € 

2k k 

Xk < -k~^ Xi, Xfc+i > k~^y^^Xi, 

i=k-\-l i=l 
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and for any 5 G (0, A; 

Cs = ( (xi,.. .,X2k) e a’* 


Xk>0> Xk+i 

Xk > -s E?=fc+i 
Xk-\-l — ^ 


is closed convex i-invariant cone with nonempty interior. Hence, there exists a Zariski 
dense subgronp T of SL((i, Z) snch that f'r = Cs- Since 

Cs n {xj = 0} = 0 


for every i = 1,... ,2k, the gronp F contains no element (except identity) with an 
eigenvalne of absolnte valne one. By Proposition 14.dl F is mixing. This proves the 
proposition. □ 


If F is a hnitely generated snbgronp of the antomorphism gronp of a compact 
connected hnite-dimensional abelian gronp X, then by the Selberg lemma (see jHl 
Theorem 4.1] or [THl Section 51]), F contains a torsion free snbgronp of hnite index. 
Clearly, this snbgronp is mixing iff F is mixing. For torsion free snbgronp Proposition 
oi can be restated as follows: 


Proposition 4.6. Let T be a torsion free subgroup of Aut{X). Then the action ofT 
on X is mixing iff 

f-f C {0}UGL(d,Q). 

Recall that the Jacobson radical of a ring (with a nnit) R is the intersection of all 
maximal ideals of R. We denote by R^ the gronp of nnits of a ring R. 

Let Ay C M((J, Q) be the Q-span of F, Jr C Ay the Jacobson radical of Ay and 

TT : Ay — Ay! Jy 

the factor map. 

Proposition 4.7. Let T be a torsion free subgroup o/Ant(X). Then the action ofV 
on X is mixing iff 

fn(l + Jr) = l and 7r(f) - 7r(f) C {0} U (Hr/Jr)A 

Proof. Recall that the Jacobson radial is nilpotent and 1 + Jr C Hp. 

Snppose that action of F on X is mixing. Since 1 +Jr consists of nnipotent matrices, 
it follows from Proposition 14.Jl that F fl (1 + Jr) = 1. The second property follows 
Proposition 14.61 

Conversely, snppose that these properties are satisfied. If for some a G Hr, 7r(a) 
is invertible, then there exists b G Hr snch that ab E 1 + Jr and it follows that a is 
invertible as well. Therefore, 

f - f C Jr U H^ 

If 7 i — 72 G Jr for some 71 , 72 G F, then 7 f ^72 G 1 + Jr and 71 = 72 . This shows that 

f-f C {0}UGL(J,Q) 
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and the action of F on X is mixing by Proposition 14.til □ 

Proposition |^7| implies, in particnlar, that the action of P on X is mixing provided 
that the Q-span of P is a division snbalgebra D in M{d,Q). This is possible only 
when d = (dimD)* for some / > 1. In particnlar, d mnst be a perfect sqnare. 

Corollary 4.8. For every perfect square d > 1, there exists a mixing subgroup P of 
Ant(T‘^) such that the Zariski closure o/P is conjugate to 

{diag( 5 (, ...,g): g e SL(\/d, C)}. 

The subgroup P is not mixing of order p + 1 where p is the smallest prime divisor of 
y/d. 


Proof. There exists a central division algebra D over Q snch that dimQ D = d and 
D is split over M. Denote by SL(1,D) the gronp consisting of elements of D whose 
reduced norm is equal to one. Consider the right and left regular representations 

p 0 C —>• End(D 0 C) : p{d)x = x ■ d, 

A 0 C —>• End(iA 0 C) : X{d)x = d ■ x. 

Let O be an order in D. Note that {D 0 M)/(P can be identihed with the torus 
and with respect to a basis of O, we have 

G p(SL(l, D 0 M)) c SL(d, M), 

P p(SL(l,C>)) c SL(d,Z). 

Since D splits over M, G ~ SL(/c,M) where d = kf. By the Borel-Harish-Chandra 
theorem (see uni Ch. IV]), P is a lattice in G. This implies that the Zariski closure 
of P is p(SL(l, D 0 C)). Note that 

D0C~M(fc,C), SL(1,D0C) ~ SL(fc,C), 

and as a p{D 0 C)-module, 

D 0 C ~ © • • • © 


Hence, 

p(SL(l, D 0 C)) = {diag( 5 (,..., p) : p G SL(/c, C)} 
in a suitable basis. 

Let Tr : D —>■ Q denote the reduced trace of the division algebra D, and O <Z D 
the dual order of (P, that is, 

O = {u G Dq : Tt( 0 ■ u) G Z}. 

Then the set of characters oi D/O is indexed by (D\ 

Xu(x) = exp(27ri Tr(a: ■ u)), u G O, 
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and the dual action of T is 

u 'y ■ u, M G (9, 7 G r. 

Hence, the Q-span of T is equal to the Q-span of A(SL(1, (9)), and since SL(1, (9) is 
Zariski dense in SL(l,iA ® C), it is equal to X{D). Now it follows from Proposition 
mzi that the (right) action of P on D/O is mixing. 

The central division algebra D contains a splitting held F such that F/Q is a cyclic 
extension of degree k. Moreover, since D splits over M, F can be taken to be real. 
Then F contains a Galois subheld E such that |F : Q| = p. By Dirichlet theorem (see 
nn Ch. 2]), F contains a unit 7 of inhnite order (unless F/Q is a complex quadratic 
extension, which is not the case). Since 

N(7) =Ars/Q(7)"‘“"^ = ±l, 

we may choose 7 G P. There exist aj G Q, i = 0,... ,p, = 1, such that 

p 

= 0 . 

i=0 

We claim that there exists 7„ G P such that 

7“^7*7„ -^00 as n —>• cxD. 

for i = 1,... ,p. It suffices to check that the centralizer C'r(7^') has inhnite index in 
P. If this is not the case, then C'r(7^') is a lattice in G, and it follows that 7^' lies in 
the center of F, which is a contradiction. We have 

p 

5^(7nS*7n)ai = 0. 

i=0 

Since iai G O for some £ G N, this proves that p(r) is not mixing of order p + 1. □ 

Corollary 4.9. For every d > 2, d 3,5,7, 9, there exists a free nonabelian mixing 
subgroup o/Aut(T‘^) which is not mixing of order 3. 

Proof. Let d = di + d 2 where di > 1 is a perfect square and ^2 > 1 is even. If 
d 7^ 9, we may take d2 > 2. By Proposition 14.51 and Corollary 14.8L Aut(T'^*), i = 1, 2, 
contain not virtually abelian free mixing subgroups. Hence, by the Tits alternative, 
there exist injective homomorphisms 

: F2 ^ Aut(T'^'), i = 1, 2, 

where F2 denotes the free group with 2 generators such that the action of 4 >i{F 2 ) on 
is mixing. Let 

P = {(0i(d), 02(d)) : 7 e F2} C Aut(T''i X T-'^) = Aut(T''). 

If P is not mixing, there exist x, p G — {0} and 7„ G P such that 7„ —> cx) and 
= y. Write x = xi + X 2 and p = pi + P2 with respect to the decomposition 
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Qd ^ Qdi 0 Qd 2 xhen for some i = 1,2, we have Xi, yi G — {0} and ^(j)i{6n)xi = yi 
where 5n G F 2 corresponds to 7^. This is a contradiction since the snbgronps 0j(-F2) 
are mixing. It follows that T is mixing. 

If d 7^ 9, the gronp T preserves the direct prodnct decomposition T'^ = x T^. 
If the action T on T'^ is mixing of order 3, then the restriction of this action to is 
mixing as well. However, this contradicts Proposition 11.151 □ 

Corollary 4.10. There exists a not virtually abelian mixing subgroup of Ant(T®) 
which is not mixing of order 3. 

Proof. Let K = Q(a) with a = ^ ^ where C is a primitive root of nnity of order 7, 

and H D iP be a central division algebra over Q with dim^ D = 9 (snch algebra can 
be constructed using the cross product construction). One can check that a is a root 
of — 2a: — 1 = 0. In particular, this implies that a and (3 = —1 — a are units 

in K and a,(3 & SL(1, D). Let O be an order in D that contains a and (3. Using the 
argument from the proof of Corollary 14.81 one can hnd a sequence C SL(1, O) 
such that 7“^a7„ —> cx) as n —> cx). Then 

7n ^«7n + In^hn + 1=0 

and oo, > oo. As in the proof of Corollary 14.81 this implies 

that the action of SL(1,(P) on D/O by right multiplication is not mixing of order 
3. □ 

Question 4.11. Does there exist a not virtually abelian mixing subgroup in Aut(T‘^) 
ford = 3,5,7? 

According to Corollary II. 15L Aut(T^) contains no free nonabelian subgroup which 
is mixing of order 3 (see also Proposition 2.31 in the electronic version of j3]). 

Question 4.12. Is there a free nonabelian mixing of order 3 subgroup in Aut(T^) for 
some d > 3? 

Note that there exist free nonabelian semigroups of epimorphisms of the torus T'^ 
which are mixing of all orders (see Example Ib.bl below). 

5. Ergodicity and mixing 
In this section, we prove Theorems 11.181 fl.lbl and imi 

First, we recall the following well-known characterization of ergodicity (see, for 
example, j2Il Chapter I]): 

Proposition 5.1. Let T be a groups of automorphisms of a compact abelian group 
X. Then the action ofV on X is ergodic iff the action o/P on X has no finite orbits 
except the trivial character. 

Using Proposition 15.11 we deduce 
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Proposition 5.2. Let X be a compact connected abelian group and T C Aut(X). 
Then if the action ofT on X is strongly irreducible, then it is ergodic. 

Note that the converse of Proposition 15.21 is not true (see Example 15.81 belowh 

Proof. Suppose that the action of P on X is not ergodic. Then there exist x ^ 
and a subgroup A of hnite index in P such that A ■ x = X- Consider the subgroup 

A = {fj E X : kf) eTj ■ X foi' some k > 1}. 

Using that X is torsion free, one can check that A acts trivially on A. In particular, 
A 7^ X. Also, it is clear that X/A is torsion free. Hence, there exists a proper closed 
connected A-invariant subgroup 

[x E X ■. x{x) = 1 for all x ^ A}, 

and the action of P on X is not strongly irreducible. □ 

In the proofs of the Theorems II . 1 81 H . 1 91 and 11.211 we will need the following three 
lemmas. 

Lemma 5.3. Let T be a group and pj : P —> (C, +), i = 1,... ,t, nontrivial homomor- 
phisms. Then there exists 7 G P such that Piipi) 7^ 0 for every i = 1,... ,t. Moreover, 
the set 

= {7 G P ; Pi{'y) 0 for every i = 1,... ,t}. 

generates P. 

Proof. Consider a homomorphisms p : P —C* dehned by 

pix) = {piix), - ■ ■ ,Pt{x))- 

Then A = p(P) is a subgroup of C* such that 7rj(A) 7^ 0, i = 1,..., t, where vTj : C* —>• 
C the coordinate projection. It suffices to show that 

t 

Uy‘(0)- 

i=l 

Suppose that this is not the case. Then the Zariski closure A of A is a linear subspace 
of C* and 

t 

A = U(An^-'(0)), 

i=l 

However, this equality is impossible because A fl vrj“^(0) are proper linear subspaces 
of A. This contradiction proves the hrst part of the lemma. 

To prove the second part, take any 7 G P and 6 E R. Then for k > 1, 

P(7<^^) = p{x) + kp{5), 

and taking k such that 

k 7^ -7ri(p(7))/7ri(p((5)) for every i = 1,..., t. 
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we have G Fq and G R. Hence, 7 G (R). This proves the lemma. □ 

Lemma 5.4. Let V be a solvable subgroup of GL{d,Q). Then there exist a subgroup 
A such that |r : A| <00 and the commutant A' is unipotent, and a flag 

Qd = v,DV2D---DVs+i = { 0 } 

consisting of rational A-invariant subspaces such that A\vi/Vi+i is abelian for all i = 

1,..., s. 

Proof. There exists a subgroup A of finite index in T which can be conjugated (over 
C) to a subgroup of the group of the upper triangular matrices (see, for example, 
the proof of Lemma KM- Then the commutant A' is a unipotent subgroup. Hence, 
the subspace of A'-invariant vectors is not trivial. Since A' is normal in A, this 
subspace is A-invariant. Also, it is clear that is rational, and r|yA' is abelian. 
Now the lemma follows by induction on dimension. □ 

For a subgroup T C GL(d,Q), we denote by T its Zariski closure and by r° the 
connected component of the closure. 

Lemma 5.5. Every subgroup T of GL{d,Q) contains a finitely generated subgroup A 
such that A = T. 

Proof. Take a hnitely generated subgroup A such that dim A° is maximal among all 
hnitely generated subgroups. Then for every 7 G T, 

(A;^° = AT 

In particular, 7“^ A °7 C A°, and the group T fl A° is normal in T. Also, since (A, 7) 
has hnitely many connected components, 7*^ G A” for some k > 1 and the group 
r/(r n A") consists of elements of hnite order. The algebraic group T/ A° is dehned 
over Q and it embeds via a Q-map into GL(n) for some n >2. Under this map, the 
subgroup r/(r n A°) is embedded into GL(n, Q). Hence, it follows from Lemma f4.21 
that r/(r n A°) is hnite. This implies that A has hnite index in T. Since T is dense 
in T, every coset of A in T contains a representative from T. Now the required group 
A can be taken to be generated by A and these coset representatives. □ 

Proof of Theorem M.ltA (b)^(a): Suppose that there exists a closed connected vir¬ 
tually T-invariant subgroup U of X such that the action of Ty on U is not ergodic. 
Then by ProDosition l5.lL there exists a subgroup A with |r : A| < cx) and y G U —{0} 
such that Ay = y. The character group Y is equal to X/A{Y) where 

A(U) = {y G A : y(U) = 1}. 

Since Y is connected, Y is torsion free, and it follows that X/A{Y) embeds in {X ® 
Q)/ {A{Y) ®Q). Therefore, the character y gives a nonzero vector in {X ®Q)/ {A{Y) ® 
Q) which is hxed by A. This implies that every element of A has eigenvalue one, and 
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by Proposition I4.HI A contains no mixing subgroup. Since A has finite index in P, P 
does not contain any mixing subgroups as well. 

(b)^(a): First, we can pass to a finite index subgroup A of P as in Lemma EiH 
Then for every i = 1,..., s, 

rii 

r./n+i = 0(r./v;+i)„,„ 

i=i 

where . denotes the weight space corresponding to a homomorphism aij : 

A^CA 

Suppose that for some aij, the set aij{A) consists of roots of unity. Since aij{A) 
consists of eigenvalues of matrices in GL((i, Q), it follows that for every a G aij(A), 
[Q(a) : Q] < d and = 1 where > 1 depends only on d. Hence, passing again, 
if necessary, to a finite index subgroup if needed, we can assume that otij{A) = {!}. 
Then there exists v G Vi(Q) — 14+1 (Q) such that 

A • n = n + 14+1. 

Let 

Y = {x e X : x(x) =0 for all X G X n 14+i}. 

F is a closed subgroup of X with the character group equal to X/(X fl 14+i)- Since 
the character group of Y is torsion free, the group Y is connected. Take I > 1 such 
that Iv G X. This gives a nontrivial character of Y which is fixed by A. Hence, the 
action of A on F is not ergodic, which contradicts hereditary ergodicity. 

It follows that there exists a finitely generated subgroup Aq of A such that for every 
Q!jj, the set ai j{Aq) contains an element which is not a root of unity. Denote by K 
the field generated by the sets ajj(Ao), i = 1 ,..., s, j = 1 ,..., rij. Since Aq is finitely 
generated, [iP : Q] < oo. By Kronecker’s lemma fLemma 12.d|) . for every aij there 
exists a an absolute value | ■ \ij of the field K such that |ajj(Ao)|ij- ^ 1. Consider the 
set of nontrivial homomorphisms 

(5.1) pij(A) = |Q;ij(A)|ij : Ao ^ M+, i = 1,..., s, j = 1,..., n+ 

By Lemma 15.31 there exists 7 G Aq such that Pijij) 7 ^ 1 for all Pi/s. In particular, 7 
has no roots of unity as eigenvalues. Hence, it is ergodic, and moreover, it is mixing 
of all orders by Rokhlin’s theorem fTheorem II. 13|1 . □ 

Proof of Theorem M.lfA Note that (b)^(a) follows from Theorem II. 181 and it suffices 
to prove that (a)=7>(b). 

By Lemma IH31 there exists a finitely generated subgroup A of P such that A = P. 
Since P is not virtually nilpotent, A is not virtually nilpotent as well. By Theorem 
EM r contains a mixing transformation 70 . Then the group generated by A and 
7 o is finitely generated, not virtually nilpotent, and it satisfies (a). Hence, we can 
assume that P is finitely generated. 
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Let A be a finite index subgroup of L as in Lemma 15.41 and 
aij : r —>• , i = 1,..., s, j = 1,... ,ni, 

the weights of the action of A on Denote by K the field generated by the 

sets ajj(A), i = 1,... ,s, j = 1,... ,nj. Since A is finitely generated, K has finite 
degree over Q. As in the proof of Theorem I1.18L we deduce from (a) that for every 
aij there exists a absolute value | • \ij of the field K such that the homomorphism 

is not trivial. Set 

i? = {A G A : Pij{X) 7 ^ 0 for alH = 1,..., s and j = 1,..., n,}. 

By Lemma 15.31 R generates A. Note that every A G i?, A does not have roots of unity 
as eigenvalues, and by Rokhlin’s Theorem fTheorem 1 1.13 j) . A is mixing of all orders. 

Claim. There there exist 6 E R and /i G A' such that the semigroup S = {6, 5p) is 
free. 


Consider the derived series of A: 


A D A' D D ■ ■ ■ D = {e}. 

Suppose that A(*YA(*+^) is finitely generated for i = 0,...,/ — 1, but is 

not finitely generated. Then is polycyclic, and in particular, finitely presented. 

Applying O Lemma 4.9], we deduce that there exists a finite subset T of 
such that is generated by ATA“^, A G A/A^^i. Since A/A^^i is polycyclic, 

A'/Ai^i is finitely generated. Also, A' is nilpotent (see Lemma El- This implies 
that the set ATA“^, A G A'/A^^i generates a finitely generated subgroup of 
Since R generates A, there exist Ai,..., A^ G i? such that 

A = Af • ■ ■ Af A'. 

It follows that there exists a finite set Q C such that the group 

is generated by 


XT--- XTqX;^^ ■■■XI 


-ni 


q E Q, ui,..., Ur G Z. 


Hence, since is not finitely generated, we deduce that there exists 6 E R 

and /i G such that 

5^p5-^, nEZ, 

generates an infinitely generated subgroup. Now the claim follows from uni Lemma 
4.8]. 

Next, we consider the case when the all groups finitely-generated. 

Then 

Ah)/Ah+i) ~ © Ai 


where is a finite abelian group. Denote by Aj the preimage of A, under the factor 
map A —> A/Ah+^). Note that A* is a normal subgroup of A. There exists a finite 
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index subgroup Aq of A such that the action of Aq on Ah)/Aj ~ is conjugate 
(over C) to an action by upper triangular matrices. For 7 G Aq, we denote by / 9 jj( 7 ), 
j = the eigenvalues of the corresponding upper triangular matrix. Note 

that the maps : Aq —>■ are homomorphism. 

Suppose that for every i = 1,... ,k and j = 1, ...,n*, the set /3jj(Ao) consists of 
roots of unity. Since the sets /3ij(Ao) consist of algebraic numbers of degree at most 
Hi. It follows that there exists A^ > 1 such that for every (3 G /3jj(Ao), we have j3^ = 1. 
Hence, by passing to a finite index subgroup, we may assume that Pij{Ao) = 1 for all 
/djj’s. Also, passing to a finite index subgroup, we may assume that Aq acts trivially 
on Aj/Ah+^). Each of the linear maps 

A^/Aj ^ A^/Aj : a; 7X7"\ J e Aq, 

is unipotent. This implies that the corresponding action Aq is unipotent. Then this 
action is conjugate to the action by a group of unipotent upper triangular matrices. 
Then the linear maps 

A^*^/Aj —>• A^*^/Aj : X 1 — 'yx'y~^x~^ = [ 7 , 0 ;], 7 G Aq, 

generate a nilpotent subalgebra, and it follows that 

[Ao,..., Ao, A^*)] C Aj {ui terms). 

Since Aq acts trivially on Ai/ we also have 

[Ao,..., Ao, A^*^] C A^*+^^ [ui + 1 terms). 


This implies that 

[Ao,..., Ao, A] = 1 , 

and in particular, Ao is nilpotent, which is a contradiction. 

We have shown that for some i = 1,..., /c, j = 1,..., rij, and 7 G Ao, the number 
/9jj(A) is not a root of unity. Note that the numbers /djj(A), j = l,...,? 7 ,j, are 
algebraic integers, and they are permuted by the action of the Galois group. Hence, 
by Kronecker’s lemma iLemma I2.djl . |/9iojo(-^)l 7^ ^ some Zq = 1,..., fc and jo = 
1,... ,njp. Note that since the action of A on A/A' is trivial, io > 1. By Lemma fh.dl 
there exists A G Aq such that |Ao,io(-^)l 7^ ^ PijW 7 ^ 1 (jh.lj) . 

By O Theorem 4.17], there exists fi G C A' such that the semigroup S = 
(A*^, A’^/i) is free for sufficiently large n > 1. This proves the claim. 

It remains to show that the action of the semigroup S' on X is mixing of all orders. 
Suppose that, in contrary, there exist Xj G X ® Q and G T, j = 1,... ,f, such 
that 7 ^"'^... 7 !"'^ -^ooioTl<i<k<t and 


(5.2) 


T7. + (T>7”72 + ■ ■ ■ + (71”'... = 0 , 








Denote by pi : Vj ^ Vi/Vi+i, i = 1 , ..., s, the projection maps. Since the action of T 
on Vi/Vi+i is abelian and p G A', it follows that /i acts trivially on Vj/Vj+i. Hence, 
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for every v G Vi/Vi+i, 

with lj{n) —> oo. Now we deduce from (in3) that 

+ ■ ■ ■ + = 0 . 

According to our choice of 5, the map 5 has no roots of unity as eigenvalues for the 
action on Vi/V 2 - Therefore, it follows from Rokhlin’s Theorem fTheorem ll.ld|l that 
Pi{xj) = 0 and G V 2 for j = 1,..., f. Applying the same argument to the spaces 
14 / 14+1 for i = 2,..., s, we deduce that Xj = 0 for every j = 1,... ,t. This proves 
that the action of S' on X is mixing of all orders. □ 

Proof of Theorem \1.21\ Passing to a finite index subgroup, we may assume that the 
Zariski closure T is connected. By Lemma 15.51 there exists a finitely generated sub¬ 
group A in T such that A = T. In particular, A is not virtually solvable. 

Suppose that A contains a Zariski open solvable group A = A n 17, where U is an 
open subset of A. Then for 71,72 G A such that 77^72 ^ A, 

An7if/ n72l7 = 0, 

and since A is dense, 

7if/ n 72f/ = 0. 

Hence, we have a disjoint union 

A= IJ 7 AI 7 . 

7Gr/A 

This implies that A = A and gives a contradiction. Therefore, by [71 Theorem 1.1], 
the group A contains nonabelian free subgroup A such that A = A = T. 

Suppose that the action of T on X is ergodic, but the action of A on X is not 
ergodic. By Proposition 15.IL there exists x ^ ^ ~ {0} such that Ay; is finite. Then 
Ay = Py is hnite, and this gives a contradiction. 

For every closed connected subgroup X of X and 

A(X) = {y G X : y(X) = 1}, 

we have 

A(X) = xn(A(x) 0 Q). 

Since A = P, this implies that if Y is A-invariant, then it is P-invariant. In particular, 
this shows that if P is strongly irreducible, then A is strongly irreducible as well. 

Suppose that the action of A on X is not hereditarily ergodic, i.e., there exist a 
closed connected virtually Ao-invariant subgroup X, where Aq is a subgroup of hnite 
index in A, and y G X — {0} such that Aoy is hnite. Then we deduce as above that 
X is invariant under Pq = P fl Aq which has hnite index in P. The character group 
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of Y can be identified with X/A{Y). Moreover, since Y is connected, X/A{Y) is 
torsion-free, and the map 

i : X/A{Y) ^ (X 0 C)/{A{Y) ® C) 

is injective. Using that AqX is hnite, we deduce that Fq • i{x) Tq ■ i{x) are hnite. 
It follows that FoX is hnite, and the action of F on X is not hereditarily ergodic. This 
proves the theorem. □ 


6 . Examples 

Example 6.1 (cf. Theorem II .dl and Corollary II.9|) . For 

S=(; -1) and T=(° :J). 

we have 

(a) = id and = id. In particular, the set {T, S} is not mixing on T^. 

(b) For every I > 1 such that < (dimT^)^, the linear maps S’" and don’t 
have a common eigenvalue. 

(c) There exists f G such that the limit 

lim [ f{S^^x)f{T^^x)dm{x) 

TL —>00 ^'J'2 

does not exist for every I > 1 with (f>{l) < (dimT^)^. 

Claim (a) is straightforward. 

The eigenvalues of S and T are the primitive roots of unity of order 4 and 3 
respectively. Therefore, 

Spec(^') n Spec(T') = 0 

unless I is divisible by 12. Since 0(/) > 4 for all I > 12, this implies (b). 

To prove (c), we take Xq G such that the points 

xo, Sxo, S'^xo, S^xo, Txq, T^Xo 
are distinct and a neighborhood [/ C of xq such that 

gnu n _ 0 ^ ^ 

Then for / equal to the characteristic function of f/, we have 

Since 0(/) < 4 implies that I < 12, this proves (c). 

Example 6.2 (cf. Corollary II. 6L There exist (i) infinite-dimensional, (ii) discon¬ 
nected, compact abelian group X and epimorphisms S and T of X such that {S', T} is 
not mixing, but there is no proper closed subgroup Y of X such that for some I > 1, 
Y is {S\T^}-invariant and S^\x/y = T^\x/y- 
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We utilize an example constructed by D. Berend in j2] for a different purpose. Let 

x^Hy 

n^'L 

for a compact abelian group Y (with appropriate choice of Y, X can be made inhnite- 
dimensional or disconnected). Note that for every y G X, there exists a finite C Z 
and Xn — {0}, n G such that 

X ((l/n)ngz) Xni.yn}- 

Consider the following permutations of Z: 

a{n) = n + 1, 

( ] = j ^ for < \n\ < hk+i, 

\ -n for / 2 fe+i < \n\ < l 2 k+ 2 , 

T = Tr~^a7i, 

where {h}i>i is an increasing sequence of integers such that /q = 0 and 
(6.1) h+i/h oo as z —>• cxD. 

Permutations a and r define automorphisms S and T of X which act on X by 
permuting coordinates. 

First, we observe that {S', T} is not mixing. In fact, for 

B {(l/n)n£Z • ^0 ^ 

where A is a measurable subset of X, we have 

rr.(c:-nT^r.T-nT^^ j m{B) foT7i{n)=n, 

\ m(By for rr(n) n. 

Suppose that there exists a proper closed subgroup Y such that for some / > 1, X 
is (S'^, {-invariant and S'^|x/y = T’'\x/y- This is equivalent to existence of a proper 
subgroup r of X such that F is {S^, {-invariant and S^lr = T^|r- Consider the map 

X —> {D C Z : \D\ < cx){ : y h->• 

Since this map is {a, r)-equivariant, the image of F is a set A consisting of hnite 
subsets of Z such that A is (cx^, r^{-invariant and (t\D) = t\D) for every H G A. It 
follows that for every k>l and H G A, we have 

(6.3) a^7ra^\D) = 

Take d & D. Because of (ED), there exist infinitely many ki> 1 such that 
7r{a^^\d)) = a^^\d) and 

Then by fj6.3|l . 

cr-(^*+i)'7r-V'7ra^*^(d) =-d - 2{ki + 1)1 G D. 
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This contradicts finiteness of D. Hence, A = {0} and T = X which proves the claim. 

Example 6.3 (cf. Corollary II .hfl . There exist (i) infinite-dimensional, (ii) discon¬ 
nected, compact abelian group X, a Borel subset B of X, and epimorphisms T and S 
of X such that for every I >1, the limit 

lim m{S-^^B n T-^'^B) 

n—>C50 

does not exist. 

Let S and T be as in Example 16.21 It follows from (I6.1|l that for every I > 1, there 
exist infinitely many ni,n 2 > 1 such that 7 r(Zni) = Ini and n{ln 2 ) 7 ^ ln 2 . Hence, by 
formula (Q, the limit does not exist. 

Example 6.4 (cf. Proposition 14.311 . There exist (i) infinite-dimensional, (ii) discon¬ 
nected, compact abelian group X and an infinite subgroup o/Aut(X) such that the 
action ofT on X is not mixing and every element of infinite order is ergodic. 

Take 

X = Y for a compact abelian group Y 

n>l 

(choosing Y appropriately, one can make X either disconnected or infinite dimen¬ 
sional). Take T to be the group of finitary permutations of the components of X. It 
is a torsion group which is not mixing. 

To give a less trivial example, consider 

T = Z K H with V = {±1}^, 

Vo = {{vi) eV : Vi = 1 for i > 1}, 

X = Y for a compact abelian group Y. 
r/Vo 

The group T acts on X permuting coordinates, and since Vq does not contain non¬ 
trivial normal subgroup, T embeds in Aut(X). Every element of infinite order in T is 
mixing, but because Vq is infinite, the action of T is not mixing. 

Example 6.5 (cf. Proposition I4.3|l . There exists a semigroup P of epimorphisms 
of the torus T'^ which is not mixing, but its every finitely generated subsemigroup is 
mixing. 

Consider 

r = (2-SL(d,Z)). 



Since 


2 2n 
0 2 
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for every n, it is not mixing. On the other hand, if Fq is a hnitely generated subsemi¬ 
group and 

7* = 2"0, eFo, 5, eSL(d,Z), 

such that 7 * —>• oo, then rij —> cx) as well. This implies that for every y G T'^ — {0} = 

Z" - {0}, 

7iX ^ cx). 

Hence, the action of Fq on X is mixing. 

Example 6.6 (cf. Corollary I1.15|l . There exists a free nonabelian semigroup F of 
epimorphisms of the torus which is mixing of all orders. 

Take a,/? G SL((i,Z) that generate a free group and let F be the semigroup gener¬ 
ated by 2a and 2f3. It was shown above that F is mixing. Suppose that F is mixing of 
order s — 1, but not mixing of order s. Then there exist G Z'^ — {0} and G F, 

oo for 1 < i < j < s and 

7i Xi + (yj ’^2 )X2 + • • • + (7i • • • 7s = 0. 


i = 1,..., s, such that y... yf”^ 


Since 72 "^ —>■ 00 , 

y^""^ = 2 ^^ 5 n for kn ^ 00 and Sn G SL((i, Z). 

It follows that 2^" divides xi and xi = 0. This gives a contradiction. Hence, F is 
mixing of all orders. 

Example 6.7 (cf. Corollary 11 .1 51 and Lemma WM- For d > 4, there exists a free 
nonabelian semigroup of automorphisms of the torus which generates a solvable 
group of degree 2 and is mixing of all orders. 

Write d = di -|- ^2 with di,d 2 > 2, take hyperbolic matrices A G SL(di,Z), B G 
SL(d 2 ,Z), and consider the semigroup F generated by 

A C 


0 B 


, C G M(di X d2,Z). 


Suppose that there exist Xi = {ui,Vi) G Z'^ and y^^”^ G F, i = l,...,s, such that 
CX) for 1 < i < j < s and 


(n) (n) 

Tj ■■■ Ti 


yf -1- + ■ ■ ■ + (yi"^... yi''^)a)s = 0. 


:,iAAA 


(n) 


Then 


with 


7i 


(n) 


^ (A 

' 7W = 


ty^ki(n) 


t 


ki{n) CX), ki+i{n) - ki{n) cx), 
li{n) CX), h+i(n) - li{n) 


00 
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as n —>■ cx). We have 

= 0 , 

i=l 

and since A is hyperbolic, m* = 0 for i = 1,..., s. Then 

S 

_ 0 , 

i=l 

and it follows that x, = 0 for z = 1,..., s. This shows that T is mixing of all orders. 
Since matrices A and B are hyperbolic, the linear map 

C ^ ACB-\ C e M{di X da, Z), 

has eigenvalnes A with |A| ^ 1. Hence, by [TTH Theorem 4.17], T contains a free 
nonabelian semigronp. 

Example 6.8 (cf. Propo.sition I5.2jl . The action of 

r={(i :)}cSL(d,z) 

on the torus T'^ is ergodic, but not strongly irreducible and not hereditarily ergodic. 

This is straightforward to check nsing Proposition 15.11 

Example 6.9 (cf. Theorem II. 181 and Corollarv ll. 2 ()j) . There exists T C Ant(T^) such 
that the action o/T on X is strongly irreducible and in particular hereditarily ergodic, 
but T contains no ergodic elements. 

Consider T = SO(2, l)nSL(3, Z). If the action of T on is not strongly irredncible, 
then there exists a snbgronp A of hnite index in T and a A-invariant snbgronp A of Z^ 
snch that 7? jA is torsion-free. Then A ® Q is a proper A-invariant snbspace. Since 
the action of SO(2,1) on is irredncible, and A is Zariski dense in SO(2,1), this 
gives a contradiction. Hence, the action of T is strongly irredncible. 

It is also easy to show that T contains no ergodic elements. Denote by B the 
standard bilinear form and snppose that 7 G T has no roots of nnity as eigenvalnes. 

Let v,w be eigenvectors of 7 with eigenvalnes A,/i respectively. Then 

B{y,v) = B{'yv,'yv) = \^B{v,v) 

and it follows that B{v,v) = 0. Similarly, B{w,w) = 0. Since B is nondegenerate, 
B{y,w) 7 ^ 0. Then the compntation as above shows that Ap = 1. This implies 
that 7 acts trivially on the orthogonal complement of the snbspace {v,w), which is a 
contradiction. 

Example 6.10 (cf. Theorem ll.l 8 |l . There exist a compact connected infinite-dimensional 
abelian group X and an automorphism T of X which is mixing, but not hereditarily 
ergodic. 
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Let Y be any compact connected abelian gronp, 

^ L', and T : {yn)n&Z ^ (l/n+l)nGZ- 

riEZ 

Then T is mixing, bnt T acts trivially on the connected snbgronp 

{{yn)nez ■ yn is Constant}. 

Hence, T is not hereditarily ergodic. 

Example 6.11 (cf. Theorem There exist an infinite-dimensional compact 

connected abelian group X and an abelian subgroup T o/Aut(X) such that the action 
ofT on X is hereditarily ergodic, but the action of every finitely generated subgroup 
of T is not ergodic. In particular, T contains no mixing elements. 

Take T G GL(2,Z) with the characteristic polynomial —x — 1. Note that T acts 
ergodically on the torns T^. Consider 

A = 

n>l 

r = (T) (direct prodnct). 

n>l 

Dehne Tj G T, i > 1, by 

Ti ■ (^n)n>l (^1) • • • ) ^i—li TXi, 

The character gronp of X is 

X = 

We claim that any T-invariant snbgronp S' of X is of the form ©n>iS'„ where S'„ is a 
T-invariant snbgronp of Y. Indeed, this follows from the identity 

{T^ — Ti) ■ (Sn)n>l = (0, . . . , 0, Si, 0, . . .), (s„),i>i G S. 

This implies that any closed connected T invariant snbgronp Y of X has the character 
gronp of the form 

F = ©„>iZV^„. 

where Sn is a T-invariant snbgronp of If snch that 1? jSn is torsion free, i.e., S'„ = 0 
or Sn = T?. Since T acts ergodically on T^, the set 1? — {0} contains no hnite T- 
orbits. This implies that there are no hnite T-orbits in F — {0}. Hence, the action of 
T is hereditarily ergodic. 

It is easy to see that any hnitely generated snbgronp of T hxes some nonzero 
elements in X. Hence, by Proposition 15.IL snch snbgronp is not ergodic. 
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